We initiate an algebraic approach to the many-anyon problem based on deformed oscillator algebras. The formalism utilizes a generalization of the deformed Heisenberg algebras underlying the operator solution of the Calogero problem. We define a many-body Hamiltonian and an angular momentum operator which are relevant for a linearized analysis in the statistical parameter ν. There exists a unique ground state and, in spite of the presence of defect lines, the anyonic weight lattices are completely connected by the application of the oscillators of the algebra. This is achieved by supplementing the oscillator algebra with a certain projector algebra.
Introduction
In the theory of identical particles in one and two spatial dimensions there is a wider notion of statistics known as fractional statistics. In two dimensions, the associated particles are known as anyons [1, 2, 3] . Specifying a physical many-body problem completely usually means that in addition to defining the relevant Hamiltonian we also have to specify the statistics of the particles. In the theory of identical particles in two dimensions, however, instead of externally imposing the statistics by explicit (anti)symmetrizations, giving rise to bosonic (fermionic) wave functions, it may rather be imposed on the Nparticle wave functions Ψ (N ) in a geometric fashion as
where σ αβ is an operator exchanging particles α and β in a counterclockwise direction. In more mathematical terms, the σ αβ operators are the generating elements of the braid group B N . This group differs from the more familiar permutation group S N in that the condition that the generators must square to one is relaxed, thus making it infinitedimensional. This geometric formulation indeed turns out to allow for a wider notion of statistics -bosons and fermions are recovered only in particular limits, viz. when the statistical parameter ν is put to either 0 or 1. For non-integer ν, the particles are known as anyons and have fractional statistics. Unfortunately, solving models with the anyonic symmetry conditions (1.1) on the wave functions is hard -even for free anyons. The main reason for why the anyon problems are difficult is because the wave functions are multivalued, implying that the N-anyon Hilbert spaces are not simple tensor products of single-anyon Hilbert spaces. The problem of two anyons in a harmonic potential was understood analytically a long time ago in the seminal paper by Leinaas and Myrheim [1] . The dependence of the energy E on the statistical parameter ν in this particular case is linear. For three and more anyons, however, the problem becomes much more challenging since, in addition to these linear states, there also exist non-linear states with a non-linear E(ν) dispersion relation. The spectrum of the low-lying non-linear states is partly known; but only from perturbative [4, 5, 6, 7] and numerical [8, 9, 10, 11] considerations for a small number of particles. The linear wave functions, which only constitute a minor part of all wave functions for N ≥ 3, are known to be holomorphic in the particle coordinates and may be treated exactly. But in spite of this, a proper algebraic construction for these states is still lacking -even for the simplest case of two anyons with an already intriguing weight lattice [1, 12] . By working with a standard (undeformed) oscillator construction, one is forced to introduce several "ground states" and to impose certain ad hoc restrictions in order to avoid producing singular wave functions which are detached from the physical spectrum (see e.g. the review in [13] ). In this paper, we initiate an algebraic approach to the N-anyon problem, based on deformed oscillator algebras, which is able to capture the linear ν dependence of the exact energy and angular momentum spectra and which moreover connects the entire anyonic weight lattice so that in particular only one (proper) ground state is needed.
In Section 2 we review the existing formalism with deformed Heisenberg algebras which is relevant for the problem of identical particles in 1 + 1 dimensions. In Section 3 we extend this formalism to 2 + 1 dimensions and introduce a projector algebra which is needed for its construction. Throughout the article the main focus will be on two anyons (N = 2), but the formalism also partly extends to N anyons which can be considered as a linearized analysis in ν. In Appendix A we consider a simpler model involving an algebra with only one oscillator and find its spectrum. Appendix B is devoted to an explicit construction of the oscillator states for N = 2 and calculations of their spectra.
Deformed Algebras in One Dimension
In preparation for what follows, in this section we review the exchange-operator formalism which was put forward in Refs. [14, 15, 16] in order to provide an operator solution to the Calogero problem of N particles. The relevant Hamiltonian is given by
where x α and p α are the coordinates and conjugate momenta of the particles and g is a dimensionless coupling constant. It is known [17, 18, 19] that this model is related to fractional statistics of identical particles in one dimension 2 . Furthermore, it serves as an effective description of the problem of N anyons in a strong magnetic field, where the dynamics is restricted to the lowest Landau level [18, 19, 20] (for a recent review, see Ref. [21] ). The coupling constant g appearing in (2.1) is related to the statistical parameter ν appearing in (1.1) as g = ν(ν ± 1) where the sign is fixed by the symmetry of the ground state (antisymmetric or symmetric).
The Relative Motion of Two Identical Particles
Let us briefly motivate the utility of the deformed oscillator algebras [26, 27] which are part of the exchange-operator formalism. The quantum spectrum of the relative motion of two particles in one dimension is organized by the Lie algebra sp(2) ≃ sl(2) which is defined by the commutation relations
The unitary representations we are interested in below belong to the discrete series of sl (2) . In particular, the metaplectic representations D(j) are specified by a lowest-weight state |j with either j = 0 (boson) or j = 1 2 (fermion). It is known, however, that there exist more general representations D(j) with quantum numbers j ∈ R, obtained by going to the universal covering group associated with sl(2). By constructing an oscillator algebra [a − , a + ] = 1 out of the relative coordinate and momentum in a standard manner, the generators of the sl(2) algebra may be realized as the bilinears
The bosonic and fermionic representation spaces then consist of oscillator monomials of even and odd powers, respectively, acting on a Fock vacuum. The more general representations with j ∈ R, however, are not part of this oscillator construction. In order to describe these, we need the deformed Heisenberg algebra to be described in this section. As expected, the sl(2) algebra can still be represented as bilinears of these new oscillators. Now consider the Hamitonian (2.1) with N = 2. The center-of-mass motion can be separated from the relative motion and be quantized trivially. In the following we will work with the relative complex coordinates z = z 1 − z 2 , where z α = (x α + ip α )/ √ 2. The key to solve the Calogero problem algebraically is to extract a Jastrow factor U(z) = z ν from the Calogero wave functions Ψ(z). The permutation group S 2 then has a natural action on the resulting wave functions Φ = U −1 Ψ and an exchange-operator formalism turns out to be suitable to solve the problem. Generally speaking, an S N exchange operator K αβ , symmetric in its indices α, β = 1, . . . , N, acts on a one-particle operator O α with a particle label α by conjugation as
which alternatively can be written as
In what follows, K αβ will be referred to as a permutation operator.
Let us introduce a deformed oscillator algebra for the relative motion of the two particles which involves the statistical parameter ν (0 ≤ ν < 2) and the permutation operator K 12 : 4) where the relative 3 oscillator a = A 1 −A 2 . This algebra is complete once we have specified the relations between the oscillators and the new operator K. Since the permutation operator acts as KA 1 = A 2 K on a one-particle operator, as described above, we find the relations aK + Ka = 0 and
for the relative oscillators. An operator anticommuting with the oscillators in this way is sometimes referred to as a Klein operator or a Kleinian. We may represent the deformed oscillator algebra in terms of the relative complex coordinate z defined previously as
where {K, z} = 0 and {∂, K} = 0. With these formulas at hand we may, after a conjugation by U, write the relative part of the N = 2 Calogero Hamiltonian in an elegant way as [15, 16] 
It is easy to show that the oscillators a † and a act as raising and annihilation operators:
By introducing a Fock vacuum |0 , which is annihilated by a and symmetric under particle exchange, so that K|0 = |0 , we immediately find the spectrum to be H 12 |n = (n + 1 2 + ν)|n , where we have defined |n = (a † ) n |0 (see Figure  1) . This is the standard shifted spectrum of the Calogero model [22] . In the complex coordinate representation, the wave functions take the form Φ n (z) = z n , where Φ 0 = 1 corresponds to the Fock vacuum. While the raising operators a † in (2.6) act trivially on , 1 describes the bosonic, semionic and fermionic spectrum, respectively. these wave functions, the lowering operator a is responsible for the shift. In Appendix A, the algebra (2.4) and (2.5) is generalized by allowing for modified Kleinian relations, so that the "Calogero shift" enters only above a particular excited state. This type of algebra will be relevant for the anyon problem which will be treated in Section 3.
N Identical Particles
The formalism described in the previous subsection extends straightforwardly to N identical particles [14, 15, 16] . To describe N particles, however, it is more convenient to include the center-of-mass motion, which requires a total number of 2N oscillators A α and A † α , with α = 1, . . . , N. By using the permutation operators K αβ , as defined in (2.3), the S N -extended Heisenberg algebra takes the form
In a coordinate representation, these oscillators act on wave functions Φ({z α }) with a well-defined permutation symmetry, as a consequence of redefining the wave functions by the Jastrow factor
A conjugation by U (N ) enables us to write the N-particle Calogero Hamiltonian (2.1) in the compact form 10) where the oscillators can be given the complex representation
The permutation operators act on the coordinates and derivatives in an obvious manner:
By choosing the symmetric ground state wave function Φ 0 = 1, which is annihilated by A α and having the ground-state energy
ν, the allowed excitations are given by symmetric combinations of the A † α oscillators having K αβ = 1. For details we refer to Ref. [16] . To connect to the discussion which opened Section 2.1, the bilinears in the oscillators close into deformed ν-dependent symplectic algebras of higher rank. In addition, all the N-particle representations, for N = 2, 3, 4, . . ., can be combined into representations of a certain ν-independent higher-spin algebra which is closely related to W 1+∞ [23, 24] .
Incidentally, there also exist finite-dimensional (non-unitary) representations of the deformed Heisenberg algebra, as shown in Ref. [25] in the case of N = 2. These representations are related to parafermions and certain generalizations thereof.
Deformed Algebras in Two Dimensions
In this section we introduce a certain 2+1-dimensional generalization of the algebra (2.8) which proves relevant for the anyon problem in two dimensions. At this stage the algebra is conjectured, and results from a certain generalization of the one-dimensional construction. It is expected, however, to have relevance for the (linearized) analysis performed in Refs. [5, 6, 7] , although this remains to be spelled out in detail. Analogously to the previous section, we first formulate the two-anyon problem, for which all the features of the new formalism is present. The N-anyon algebra turns out to be "linearized" in the sense that we are able to capture the linear dependence in the E(ν) dispersion relations, but not more.
The Relative Motion of Two Anyons

The Analytic Solutions
The problem of two anyons in a harmonic potential was solved in Ref. [1] . By using complex coordinates z α = x α + iy α andz α = x α − iy α , with α = 1, 2, the Hamiltonian and angular momentum operator for the relative motion of the problem take the form
where z = z 1 − z 2 is the relative coordinate. In addition, we have to impose the anyonic symmetry condition (1.1) on physical wave functions which acts as σ 12 : z → e iπ z and z → e −iπz , and which is understood as a continuous interchange of particles 1 and 2 in a counterclockwise direction. We assume that ν ≥ 0; the ν < 0 case can be treated similarly. The regular solutions to the Schrödinger equation H (2) 12 Ψ = EΨ are given by two classes of eigenfunctions The resulting spectrum becomes
We stress that the energy eigenvalues are shifted with respect to the ν = 0 eigenvalues to higher or lower values, depending on whether the angular momentum is positive or negative. By restricting m + n to be even, the bosonic spectrum is obtained for ν = 0 and the fermionic spectrum for ν = 1. For ν = 0 and ν = 1, the quantum spectrum above is organized by the Lie algebra sp(4), whose ten generators are formed out of bilinears in the relative coordinates and momenta. The bosonic and fermionic representations correspond to the two singleton representations of sp(4) ≃ so(3, 2) [28] . For a detailed analysis of these representations, see e.g. Ref. [12] . Interestingly, the two-anyon representations with ν = 0, 1 are not proper sp(4) representations in general, due the presence of defect lines, but rather to a deformed version of sp (4) . In Appendix A we examine a deformed sp(2) algebra which takes into account the presence of defects by containing projectors explicitly -see (A.14).
An N = 2 Oscillator Algebra
A naive oscillator construction of the two-anyon problem based on an undeformed algebra fails. As reviewed in Refs. [12, 13] , due to the presence of a "defect line" in the anyon weight lattice, which cannot be crossed using these oscillators, there is no unique ground state. In relation to this, one is forced to impose certain ad hoc restrictions concerning the allowed oscillator combinations in order to avoid producing singular wave functions (i.e. to avoid passing the defect line).
Therefore, we will introduce a deformed oscillator algebra for the relative motion -an approach which was successful in one dimension as reviewed in Section 2. The connection to an explicit coordinate representation, however, will be postponed to a future publication. The algebra will act on single-valued wave functions, since a Kleinian is required to have a well-defined action on the eigenstates. A look at the algebra in (2.4), which is valid for one oscillator, suggests the following form of the "diagonal" part of the algebra:
where the index i = 1, 2 refers to the type of oscillator. To prevent cluttering the equations, for two particles we will often suppress the particle labels on the operators -a more proper notation for the new operators is (R i i ) 12 as will be described in Section 3.2. The "mixed" parts of the algebra will necessarily involve new operators, R 12 ≡ (R 12 ) 12 and R † , whose application on states will change their quantum numbers. A general form of the remaining commutation relations is
(3.5)
Leaving these aside for the moment, our first objective is to explain the operators R i i appearing in (3.4). It turns out that only the sum of these operators amounts to the standard permutation operator which appeared in the previous section, meaning that
Here, however, with the presence of two oscillators, we have the Kleinian relations {a, K} = 0 and {b, K} = 0 and similarly for the raising operators. To appreciate these statements we have to introduce a certain projector algebra, which will be described next. Henceforth, we will assume that ν ≥ 0; the case ν < 0 may be treated in complete analogy.
It turns out that, in order to define the operators R i i appearing in (3.4), and to find their relations to the oscillators, we first need to introduce operators which project onto states with fixed relative angular momentum
† , where α and β are particle labels. For convenience, we anticipate the result that the angular momentum operator of our problem acts in a standard fashion with respect to the oscillators according to
as will be proven shortly (see (3.17) and (3.19) ) and which also can be inferred from (3.3). This implies that whereas a and b † decrease the angular momentum, b and a † increase it. In particular, the monomial (a † ) m (b † ) n carries angular momentum ∆L 12 = m − n. Let us therefore introduce a projector algebra associated with the relative motion between particles 1 and 2
Figure 3: The exchange relation a † P n = P n+1 a † illustrated in an example. We zoom in around states with angular momenta n > 0 and n + 1 in the anyon weight lattice of Figure 2 . Consider the states |n and |n + 1 = a † |n with angular momenta n and n + 1, respectively. Since a † raises the angular momentum by one unit, it is equivalent to (i) first project with P n onto |n and then act with a † and (ii) first act with a † and then project with P n+1 . In equations this reads a
where P n ≡ P n 12 , together with the exchange relations
We learn that P n projects onto states with a fixed angular momentum. The completeness relation reads n P n = 1. To see how the projectors act in a Fock space, introduce a Fock vacuum |0 such that P n |0 = δ n,0 |0 and with a fixed angular momentum L 12 |0 = ν|0 . Then it is easy to prove that for the excited states (N m,n are calculated in Appendix B)
we have that
Hence, P p projects onto states with a fixed relative monomial degree m − n = p, or equivalently, using the relations in (3.6), onto states carrying fixed relative angular momentum L 12 = p + ν. In Figure 3 , we illustrate the action of the projector algebra in an explicit example. Incidentally, we point out that from the result (3.10), it is clear that the projectors may be realized explicitly as P n = m≥0 |m + n, m m + n, m|, which can be verified to be consistent with the definitions in (3.7) and (3.8). For a simpler example of a projector algebra involving a single oscillator, we refer to Appendix A.
With the P n projectors at our disposal, it is easy to construct operators which project onto either positive or negative angular momentum eigenstates, or equivalently onto the two different types of wave functions discussed in Section 3.1.1. Projectors with these properties are
where we have written out the particle labels explicitly to facilitate a generalization to N particles in the next subsection. The completeness relation can be expressed as (Θ 12) so that their sum indeed is given by the standard permutation operator
2 ) αβ , as claimed above. As already mentioned, in the N = 2 case the particle labels will be suppressed, since there is only one independent combination, viz.
By projecting the standard Kleinian relations {a, K} = 0 and {b, K} = 0 with (Θ i i ) 12 , we derive the modified permutation relations
These relations tell us that R Next, we turn to the mixed parts of the algebra. Just as we need relations between the oscillators and the "Kleinians" R i i given in (3.13), to specify the algebra completely, we also need relations between the oscillators and the new operators R 12 , R 12 , R 14) and similar relations for their hermitian conjugates. These relations are consistent with the Jacobi identities of the algebra under consideration and in addition gives rise to natural generalized step operators; more precisely, if we define the commuting generators ("deformed" sp(4) Cartan generators)
their eigenvalues will step in a way consistent with the two-anyon weight lattice, viz.
[
where we have used the relations in (3.13) and (3.14). For instance, the first of these commutation relations means that when applying a † in a Fock space, the eigenvalue of J 1 will always step in units of 1, except when the defect line P −1 is crossed when the change instead is 1 ± ν, where the sign is fixed by the action of K on the ground state. This is precisely what is seen in the weight lattice, see Figure 2 . The remaining commutators in (3.17) can be given similar interpretations.
The relations between the R i i operators and the remaining R operators are given by 18) whereas the relations between the R j i and R ij operators are more involved and not very useful. For instance, we have the commutation relation 2ν[R 12 , R 12 ] = 2(J
Let us mention that we have been unable to find an expression similar to (3.12) for the R j i and R ij operators, expressing them in terms of the permutation operator and the projectors. As opposed to R i i , some of these operators carry net angular momentum and can consequently not be expressed solely in terms of K and P n . We are now in a position to define the Hamiltonian and angular momentum operator for the relative motion of two anyons:
These definitions are motivated by the fact that (i) they reduce to the correct operators for ν = 0 and (ii) they give the correct one-dimensional restriction (for instance by putting J 2 = 0). Their commutation relations with the oscillators are given by (3.6) and
both of which follow from (3.17). The excited oscillator states defined in (3.9) then obtain the energy and angular momentum eigenvalues 22) in agreement with the analytical result in (3.3). In this oscillator construction, the bosonic-like and fermionic-like representations with K = 1 and K = −1, respectively, are combined. By restricting to the K = 1 sector (with m+n even), the bosonic spectrum is obtained for ν = 0, the semionic spectrum for ν = 1 2 and the fermionic spectrum for ν = 1. A more detailed analysis of the Fock space is presented in Appendix B and an algebra which describes the various one-dimensional restrictions (for fixed m or n) is described in Appendix A. Let us stress that in this oscillator construction, all points in the anyonic weight lattice are connected by the application of oscillators, reachable from a unique Fock ground state. This is in sharp contrast with the undeformed oscillator construction where several "ground states" are needed and the defect lines, described in our language by P 0 and P −1 , must not be crossed (see e.g. the discussion in Ref. [13] ).
N Anyons
In an attempt to generalize our algebraic construction to N anyons, we immediately realize that the resulting construction will not be able to capture the full non-linear dependence in the E(ν) dispersion relations, since the algebra resulting from a mere "covariant lift" of the results (2.8), (3.4) and (3.5) will only involve two-body interactions. Nevertheless, as a consequence of the latter and by consistency of the algebra, our model will be able to capture not only the correct linear dependence (proven in some cases where we have access to a perturbative analysis and are able to compare), but also succeeds in connecting all points in the anyon weight lattice.
Existing Analytic Solutions
Only a tiny part of all solutions of the N-anyon problem is known analytically [29, 30, 31, 32, 33, 34, 35] . The E(ν) dispersion relations corresponding to these known wave functions are all linear. Let us briefly describe the simplest analytic solutions to the problem of N anyons in a harmonic potential. By redefining the wave functions by a factor of exp(− 1 2 α |z α | 2 ), the Hamiltonian and angular momentum operators read
where we use the complex coordinates z α = x α + iy α and ∂ α = ∂/∂z α . By taking into account the anyonic symmetry condition (1.1), we determine the ground state wave function to be
with eigenvalues
Excited states built upon this ground state are obtained by applying appropriate holomorphic functions P({z α }) symmetric in the particle coordinates to the ground state. These wave functions all have linear E(ν) dispersion relations E = γ(N) +
ν, where γ(N) is a constant. Another class of analytic solutions is built upon the state
The energy eigenvalues of the excited states built upon Ψ
, where γ ′ (N) is a constant. Concerning the non-linear wave functions, with a non-linear E(ν) dispersion relation, very little is known analytically. There are, however, some numerical results for the lowlying spectrum of three and four anyons [8, 9, 10, 11] as well as some perturbative results [6, 4, 5] . Nevertheless, certain simplifying observations may make the problem tractable; this approach will be elaborated on in a future publication [36] .
Finally it is important to realize that the angular momentum has a ν linear dependence for all states, linear as well as nonlinear -a fact that can be proven by general arguments [37] .
A Linearized Deformed Oscillator Algebra
To describe N anyons algebraically, we need 2N raising operators A † α and B † α and 2N annihilation operators A α and B α . To facilitate the presentation of the algebra, we combine these into su(2) doublets (i = 1, 2) 26) and define their associated oscillator grading
We now propose the following linearized N-anyon algebra
It results from a straightforward extension of the previous results displayed in (2.8), (3.4) and (3.5) and involves the operators (R
† which are all symmetric in the particle labels α and β. We notice that the center-of-mass oscillators 
in the sense that [c i , a αj ] = 0 and [c i , a αj ] = 0. Of course, only N − 1 of the a αi oscillators are independent, since N α=1 a αi = 0. The two-anyon algebra (3.4) and (3.5) is recovered if we express the algebra in (3.28)-(3.30) for N = 2 in terms of the relative oscillators (3.32). The N-particle algebra (2.8) in one dimension is recovered if we focus on the i = 1 content of the same.
The permutation operators K αβ are defined by 33) and are related to the operators R i i appearing in (3.28) as 34) in exact analogy with the N = 2 case, recall (3.11) and (3.12). In the N-particle case, however, we need N(N −1)/2 projectors P n αβ which are interpreted similarly as in Section 3.1.2: they project onto states having relative angular momentum L αβ = n + ν between particles α and β. Using the oscillator grading (3.27), the relevant two-body projector algebra can be written covariantly as 
By summing over i, the relations in (3.38) clearly implies that {K αβ , A jα − A jβ } = 0. The relations between (R j i ) αβ , with j = i, and the oscillators read
and similar relations for their hermitian conjugates. These relations are consistent with the Jacobi identities. The two-body center-of-mass oscillators A jα + A jβ decouple from the R operators, so that for example [(R ij ) αβ , A jα + A jβ ] = 0. Finally, the relations between the R operators are similar to those in (3.18).
We define the N-particle Hamiltonian and angular momentum operators as
where the sums run over i = 1, 2 and α = 1, . . . , N. Again, these definitions are motivated by the fact that they reduce to the correct expressions for ν = 0 and furthermore give the correct one-dimensional restrictions, cf. (2.10) in Section 2.2. A straightforward, calculation gives the results
from which we see that A i α act as ordinary raising operators, except that they will pick up extra contributions when passing some of the defect lines P i−2 αβ . It follows from (3.44) that the center-of-mass oscillators defined in (3.31) obey [H, c i ] = c i , as we expect. To find the spectrum of the model, we introduce a lowest-weight state |0 with fixed K αβ and P n αβ eigenvalues. We choose a symmetric ground state which is invariant under arbitrary exchanges of pairs of particles:
The K αβ = 1 and K αβ = −1 sectors built upon this ground state correspond to starting from the bosonic and fermionic ends of the spectra at ν = 0, respectively. For the Nparticle ground state |0 , we directly find from (3.42) and (3.43) the correct eigenvalues (3.25) that was calculated previously; to show this we use that (R i i ) αβ |0 = δ 1 i |0 , which results after applying the projector (Θ i i ) αβ defined in (3.11) to the second equation in (3.46) . In a coordinate representation, the oscillators under consideration act properly on single-valued wave functions, so that a Jastrow factor of the form U = α<β (z α −z β ) ν has to be extracted from the multi-valued wave functions analogously to the one-dimensional case, cf. Section 2.2. In particular, this means that the ground state |0 should correspond to the single-valued wave function Φ (N ) 0 = 1. Let us construct the lowest-lying three-particle oscillator states. For these states we have access to both numerical and perturbative results, to which we can compare. We want to find states |Ψ which simultaneously diagonalize the Hamiltonian and the angular momentum operators appearing in (3.42) and (3.43), viz.
and which in addition are either totally symmetric or antisymmetric under any interchange of particle labels (so that K αβ = ±1). As shown before, the center-of-mass excitations |(
decouple from the relative excitations and therefore all have the same ν dependence as the ground state. In the following, we will focus on the relative excitations with oscillators a (3.32) . Recall from the discussion in Section 3.2.1 that there are two classes of states for N ≥ 3: the linear and the non-linear ones. For N = 3, all linear states have energies going as 3ν. We will refer to the states constructed below as either linear or "non-linear", although the latter ones will capture only the linear dependence on ν in a sense described below; this is due to the limitations of the current formulation of our model. On the other hand, since the angular momentum operator has a standard commutation relation with the oscillators, see (3.45) , all of its eigenvalues come out correctly compared to an exact analysis; the ν dependence is fixed by the ν dependence of ground state.
As already mentioned, for the ground state |0 , we immediately read off from (3.42) and (3.43 ) that E 0 = 3 + 3ν and L 0 = 3ν. In the following we label states by their energy and angular momentum eigenvalues for ν = 0 so that for the ground state we have that |3, 0 = |0 . There are no single-oscillator excitations but there are three states involving two relative oscillators which explicitly are given by (unnormalized) with eigenvalues summarized in Table 1 . As described above, the angular momentum eigenvalues come out correctly compared to an exact analysis. The energy eigenvalues of the linear states |5, 2 and |5, 0 come out correctly and the linear ν dependence is absent for the "non-linear" state |5, −2 . The latter result is in agreement with the perturbative analysis of Refs. [7, 5] , where it was shown that the energy of the non-linear state goes as E(ν) = 5 + Table 2 . The states |6, 3 and |6, 1 are linear while |6, −1 and |6, −3 are "nonlinear". While the angular momentum eigenvalues all come out correctly, only the linear ν dependence of the exact energy eigenvalues are captured. The perturbative analyses in Refs. [7, 5] shows that the energy eigenvalue of the non-linear state |6, −3 is E(ν) = 6 − Table 2 to linear order. As also seen in the table, the linearized energy of the state |6, −1 is E = 6 + 3 2 ν, in harmony with the result of Ref. [7] .
We emphasize that one may equally well start from the fermionic end with states having K αβ = −1. The first fermionic "non-linear" state is given by
One can check that for this state, the energy correction vanishes to linear order in ν, in agreement with the result in Refs. [4, 7] . Consequently, for the lowest-lying three-anyon states, we find agreement with the exact anyon spectrum to linear order in ν. This can be summarized in the equations
where E(ν) and L(ν) are the results obtained from numerics and E linear and L linear are the eigenvalues obtained from the model defined by (3.42) and (3.43) as well as from perturbative analyses. We expect this agreement to hold for arbitrary N, although this needs to be elaborated on further. It is a quite tedious, but straightforward, exercise to determine the eigenvalues of an arbitrary state, due to the presence of the projectors and the modified permutation operators in the algebra.
Conclusions and Outlook
In this paper we have examined an N-particle model defined by the Hamiltonian and angular momentum operator in (3.42) and (3.43) together with the deformed oscillator algebra (3.28) -(3.30). The algebra is nonstandard due to the presence of defect lines P n αβ which implies that the standard permutation relations need to be modified. We find step operators which act in a nearly standard fashion -the difference being that extra contributions proportional to ν are picked up whenever some defect line is passed.
Since the exact anyon angular momentum spectrum is linear in ν, our model completely reproduces it. Moreover, the energy (3.25) of the N-anyon ground state comes out correctly. For the lowest-lying three-anyon states, we have shown that the model is able to capture the linear ν dependence of the exact energy eigenvalues E(ν), for both the linear and non-linear states; the spectrum of the linear states is thus fully reproduced. Indeed, the algebra considered in this paper is of direct relevance for a perturbative analysis in ν along the lines of Refs. [5, 6, 7] , where it was shown how to calculate the linear and quadratic parts of the N-anyon spectrum. In lack of a complete classification of the first-order perturbative spectrum in ν, we are unable to compare our resulting spectrum further. Nevertheless, we expect that the agreement will continue to hold.
To develop the algebra further, by including contributions of non-linear nature, it is crucial to make contact with the coordinate representation analogously to the onedimensional case, as described in Section 2. There, the connection can be made explicit by utilizing a coherent-state representation [38] . We expect that a similar construction should work in the two-dimensional case, although it is expected to be more involved. Ultimately, there is need for a better analytical understanding of the non-linear wave functions. In a future contribution [36] , we will describe a systematic approach to find them. At present, it is not clear whether a non-linear completion of the linearized N-anyon algebra (3.28) will involve additional modifications on the right-hand side or whether it is required to modify the projector algebra, for instance by taking into account three-body interactions. We believe that the approach considered in this paper, working algebraically and analytically side by side, will be useful in gaining further insight into the many-anyon problem.
where (p M )
B Representation Theory for N = 2
In this appendix, we present the representation theory of the two-anyon algebra explicitly using our oscillators. We are interested in representing the algebra (3.4) and (3.5) unitarily in a Fock space. This means that the representations necessarily are infinitedimensional. We introduce a unimodular lowest-weight state |0 which is annihilated by the lowering operators a and b. To characterize the representation uniquely, we have to specify the action of the Kleinian K and the projection operators P n on the ground state. We choose the conditions K|0 = |0 , P n |0 = δ n,0 |0 , (B.1) which state that the ground state is invariant under an exchange of the particles and that it is carrying angular momentum L 12 = ν (recall that P n projects onto states carrying L 12 = n + ν). There is freedom, however, to choose alternative representations, for instance one with an odd ground state, such that K|0 = −|0 .
Next, we consider the excited states. We stress that the ordering of the oscillators is important since they do not commute. Let us mention that starting from the Kleinian K, we may define the projector (1 ± (−1) m+n ). Its relation to the projectors above is simply Π ± = (π . This is exactly what is seen in the weight lattice in Figure 2 : above the defect line, the J 2 eigenvalues are not shifted. The opposite is true below the defect, where the a and a † oscillators act as though they were undeformed, and the J 1 eigenvalues do not become shifted.
